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Perturbation Theory in Large Order* 
CARL M. BENDERS 
Department of Physics, Washington University, St. Louis, Missouri 63130 
For many quantum mechanical models, the behavior of perturbation theory 
in large order is strikingly simple. For example, in the quantum anharmonic 
oscillator, which is defined by 
-ye + (xZ/4 + ex4/4 - E) y = 0, Y(faJ) = 0, 
the perturbation coefficients A, in the expansion for the ground-state energy 
E(ground state) - lfo Ad’ 
simplify dramatically as n + co: 
A, - - (6/~ra)i/~( - 3)” T(n + t). 
We use the methods of applied mathematics to investigate the nature of perturba- 
tion theory in quantum mechanics and we show that its large-order behavior is 
determined by the semiclassical content of the theory. In quantum field theory 
the perturbation coefficients are computed by summing Feynman graphs. We 
present a statistical procedure in a simple A@ model for summing the set of all 
graphs as the number of vertices +CO. Finally, we discuss the connection 
between the large-order behavior of perturbation theory in quantum electro- 
dynamics and the value of OL, the charge on the electron. 
INTRODUCTION 
Perturbation theory is a powerful analytical tool for the study of quantum 
systems because it can reduce a difficult problem to a sequence of routine 
operations. The object of perturbation theory is to represent and compute 
a physical quantity in the form of a perturbation expansion which is a power 
series in the perturbing parameter E: 
Physical quantity = f Anen. 
0 
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In this talk I describe new asymptotic methods for understanding the nature 
of perturbation theory in very high order. That is, I show how to calculate 
the nth perturbation coefficient A, in the limit n -+ co. In particular, I explain 
how to obtain the large-order behavior of the perturbation coefficients for 
quantum mechanical systems (where the A, are called Rayleigh-Schrodinger 
coefficients), and I propose statistical methods for obtaining the large-order 
behavior of the perturbation coefficients in quantum field theory (where the 
A,, are sums of Feynman diagrams having n vertices). 
Physicists have developed some intuitive feeling for low-order perturbation 
theory, but the high-order behavior of perturbation theory might seem to be 
a rather inaccessible concept. However, in the course of my talk I show that 
as n + 03, the perturbation coefficients become very simple, and I argue 
that in this limit the perturbation coefficients reflect the semiclassical content 
of a quantum theory. 
As you will see, the general problem of how the perturbation coefficients 
behave as n + cc is rich in mathematical ideas, but the ultimate motivation 
for my work comes from an as yet unsolved problem in physics. I hope that 
the mathematical methods I describe in this talk will some day help to solve 
an old but extraordinarily exciting problem in mathematical physics, the 
possibility that there may be a theoretical way to determine N, the charge 
on the electron. 
Motivation-An Eigenvalue Condition for a. 
Let me take a few moments to review the history of this beautiful problem. 
It is well known that conventional quantum field theories require renormalization 
to remove infinities. However, a remarkable idea was proposed and examined 
in detail by Gell-Mann, Low, Johnson, Baker, and Willey [I]. They suggested 
that a theory of massless quantum electrodynamics might well have no infinities. 
In such a theory, the bare mass of the electron is 0, so the electron mass shift, 
which is the difference between its physical mass and its bare mass, and which 
is normally infinite in conventional electrodynamics, would be finite,. There are 
three other renormalization constants, 2, , Z, , and Z, , which could be infinite. 
However, a gauge-invariance argument shows that Z, and Z, are equal and 
can be made finite. Hence, the only infinity in the theory resides in Z, . If Za 
is computed in a cutoff theory, it diverges logarithmically as the cutoff is removed. 
The coefficient of this logarithmic divergence is a function of the coupling 
constant 01. If there is a value of oi which makes this function vanish, then the 
theory would be a totally finite theory. The requirement that this function 
vanish is a kind of eigenvalue condition which apparently determines the 
coupling constant 01. It is a tantalizing and open question whether the value 
of cy determined in this manner is the famous experimental number I/137. 
There is an equivalent but simpler eigenvalue condition on the coupling 
constant CY which ensures the finiteness of Z, ; namely, that the function F,(a) 
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vanishes. F,(cY) is defined as the logarithmically divergent part of the sum 
of all one-fermion-loop diagrams in the photon propagator. These diagrams, 
which are called cracked-eggshell diagrams, are shown below: 
The computation of F,(a) is a well-defined but difficult mathematical 
problem. Apart from the work of Baker, Johnson, and Willey, there have 
been only two important breakthroughs in the past decade. The first, an 
impressive computational achievement by Rosner [2], was the calculation 
of the third term in the perturbation expansion of F,(a) in powers of 01. This 
was ten years ago. It is a measure of the difficulty of this problem that there 
are still only three terms known: 
F,(a) = ; (5) + ($J - ; (e)3 + . . . . (1) 
Rosner’s result is significant because the third coefficient in the series is 
negative. This suggests that there may really be a positive solution to the 
eigenvalue equationF,(or) = 0. Rosner’s result is even more interesting because 
it is so simple. At intermediate stages in his calculation, various transcendental 
numbers like c(3) appear. But at the end of the calculation these numbers 
cancel leaving the rational coefficient - Q . One may speculate that all the 
coefficients in the perturbation expansion of F,(a) are rational numbers. I 
return to this point at the end of my talk. 
The second breakthrough was theoretical. In 1972, Adler showed that if 
F,(a) has a zero then this zero is an injinite-order zero [3]. Adler’s result is 
significant because it transforms the problem of calculating F,(a) exactly into 
a much simpler problem in asymptotics. This is because an infinite-order 
zero is an essential singularity. Assuming that the perturbation expansion 
of F,(a) is convergent for sufficiently small / (II 1, the location of the essential 
singularity will determine the radius of convergence of the series which in 
turn is determined by the nth term in the series as n - cc. Now you see why 
I am trying to understand the nature of perturbation theory in high order. 
Early Studies of Perturbatioll Theory in Large Order 
One of the earliest analyses of perturbation theory in large order was given 
by Dyson in 1953 [4]. He argued heuristically that perturbation series for 
physical quantities in electrodynamics are divergent. He argued that if we make 
01 negative, then the sign of the Coulomb force reverses: Like charges attract 
and unlike charges repel. As a consequence, the vacuum state is unstable. 
Vacuum fluctuations occur in which a virtual electron-positron pair is created. 
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The repulsive Coulomb force between this pair can push the electron and 
positron far apart. Ultimately, huge piles of positive and negative charges 
build up at opposite ends of the universe. This instability of the vacuum seems 
to occur for any negative value of a, while the vacuum is apparently stable 
for any positive value. Thus, there is a singularity in the theory at 01 = 0 which 
would cause a perturbation series in powers of Al to diverge. I return to this 
argument later in my talk. 
Dyson’s argument led to rigorous investigations of field-theoretic perturbation 
series. Jaffe, Hurst, Thirring, Petermann [5], and many others were able to 
establish rigorous bounds on the growth of the perturbation coefficients in 
various lower dimensional quantum field theoretic models which proved that 
these perturbation series were divergent. However, these bounds do not contain 
much physical content, I am more interested in determining the precise 
asymptotic behavior of the perturbation coefficients. 
A Simple Quantum-Mechanical Perturbation-Theory Model 
The anharmonic oscillator, which we define by the Schrodinger equation 
[ 
-g+;2+; a4 - E(e)] y(x) = 0, y(xkcQ) = 0, (2) 
is a nice quantum-mechanical model which we can use to study perturbation 
theory in large order. We expand the ground-state energy eigenvalue E,(E) 
as a perturbation series in powers of E, 
If we use Rayleigh-SchrBdinger perturbation theory to compute the coef- 
ficients A, in (3) we find that A, = +, A, = 2 , A, = -21/8, A, = 333/16, 
and so on. Notice that these coefficients are rational fractions, just like those 
in Eq. (1). 
It would appear that for this model, the A, are growing rapidly with n. 
(Indeed, A,, N 101g4 [6].) Does the series in (3) diverge? Dyson’s argument 
suggests that it does. If we reverse the sign of E, the potential well changes 
from one that rises to one that falls as j x 1 -+ 00: 
u to l---l $(x” + ‘A+), E > 0 &xz - ELI?), E > 0 
The falling potential has no bound states for any E > 0, no matter how small. 
Thus, there is a singularity in the theory at E = 0, and we expect (3) to diverge. 
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In fact, we can show that 
Al N -fjl/+3/2(--3)n r(n + 4) (n -+ +a>, (4) 
which implies that (3) really does diverge for any 1 E 1 > 0. Note how simple 
the perturbation series becomes in large order. 
There are several ways to derive the result in (4). The most direct way is 
to proceed iteratively using the formulas for Rayleigh-Schrodinger perturbation 
theory. For a general perturbation problem of the form 
-Y”(X) + [V(x) + <W(X) - E(c)]y = 0, Ykw) = 0, (5) 
where 
E(E) = f Anen, 
?L=O 
we have 
A 
n 
= .f:a roW[W) m-l(x) - C&f Aiyvdx)] dx 
$:m YOU dx 
(6) 
If we specialize (5) to (2) by taking V(x) = x2/4 and W(X) = x4/4, we can 
reduce the two equations in (6) to a single nonlinear partial difference equation, 
Ji&,~~ = (j + 1)(2j + 1) &j+l - A,-L-~ - 1 AM%-~.~ , 
p=1 
where A, = A,,, and A,,, = 1. Then, by a complicated sequence of trunca- 
tions and approximations we can obtain with much difficulty the result in (4) 
[7]. Unfortunately, this approach does not generalize easily to other potentials 
and, what is worse, it obscures the physical content of the large-n approximation. 
Dispersion Relation Approach 
A much better technique proceeds indirectly by means of a dispersion 
relation. The derivation of the dispersion relation for Eo(c) in (3) relies on 
three crucial properties of Eo(e): 
(i) E(C) CC c1j3 as 1 E 1 + co. This result may be easily derived from 
(2) using a scaling argument known as the Symanzik transformation. 
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(ii) E(E) is analytic in the cut e-plane with the cut extending along the 
real --E axis from -co to the origin. This is a deep result obtained by Loeffel 
and Martin [8]. [The divergence of the series in (3) is due to the presence 
of square-root branch point singularities on the second sheet of the e-plane [9].] 
(iii) The series in (3) is asymptotic to E,,(E) in the cut e-plane. It was 
shown by Kato [lo] that this series is asymptotic for real positive E but Loeffel, 
Martin, Simon, and Wightman [I l] proved that it is asymptotic as E + 0, 
1 arg E I < T. 
We now define the function F(E) by 
Then, from (i)-(iii) it follows that 
F(E) + 0 as I~/--+co, 
eF(e) + 0 as c+O. 
F(E) is analytic in the cut e-plane. These three conditions imply that F(E) 
satisfies a dispersion relation, 
where 
F(E) = 1” D(t)(t - c)-’ dt, 
-co (7) 
D(t) = hy+ (1/27ri)[F(t + iy) - F(t - iq)]. 
If we expand (t - l )-’ as a power series in E, 
(t - <)-I = f p--n--l, 
?%=O 
interchange orders of summation and integration in (7) (Watson’s Lemma), 
and compare powers of E in the result with those in (3) we obtain an exact 
formula for A, , 
A, = j-” dt D(t) t-“. 
-co (8) 
The integral in (8) converges for all n because D(t) vanishes exponentially 
like exp( lI3t) as t -+ O- [7]. 
If we now let n tend to co, then the contribution to (8) comes entirely from 
an infinitesimal range oft from --B to 0, E > 0. In this case D(t) is the imaginary 
part of the energy (the inverse lifetime) of the unstable ground state in the 
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potential *x2 - &x4, E > 0. The lifetime may be calculated using WKB 
theory and inserted into (8). The result is the large-order behavior of perturba- 
tion theory in (4). The dispersion relation argument makes it clear that (4) 
depends on the semiclasszcal content of the Schriidanger equation (2). If we use 
higher-order WKB theory to calculate o(t), we obtain the 0( 11~) corrections 
to (4) [71- 
Let us now summarize what we have done. We began with a potential 
x2/4 -+ cx4/4, e > 0, which has a stable ground state E,,(E) and asked what 
the large-order behavior of the expansion of E,,(E) is. The dispersion relation 
(7) told us to consider a new potential x2/4 - eti/4, in which E,,(e) is an unstable 
state because it tunnels out of the potential well. We then calculated the nth 
inverse moment of the inverse lifetime of the unstable state. This gave A, 
for large n. 
Observe that this dispersion relation argument is a precise quantitative realization 
of Dyson’s argument for why perturbation theory diverges. Here we changed 
the sign of E and noted that the ground state is unstable and tunnels to a lower- 
energy state. Dyson noted that if we change the sign of 01 in quantum electro- 
dynamics the ground state also becomes unstable and also tunnels to a lower- 
energy configuration. 
One pleasing aspect of the dispersion relation approach is its generality. 
I have used it to find the large-order behavior of the perturbation expansion 
of any energy level (and not just the ground-state energy) of any quantum 
oscillator whose potential has the form x2 + 6x2& [7]. In fact, x2k may even 
be replaced by a polynomial of degree 2K [12]. It is especially interesting that 
the dispersion approach may be used for systems of coupled oscillators. The 
formula in (8) still holds for an oscillator system of the form [13] 
1 
N N 
+ 2 6 %;I iTl 4jXi2Xi2 - E(c) 1 Y(XI 3 X2 ,*-*, XN). 
To use (8) one must find the lifetime of an unstable state confined in this 
N-dimensional non-spherically-symmetric potential. It is possible to carry 
out the WKB calculation for all matrices Aij if m12 = m22 = **a = mN2. 
And, for some matrices the N + cc limit exists and can be calculated. 
This result is quite interesting because we know that a quantum field theory 
with spatial and ultraviolet cutoffs is a system of coupled oscillators having 
the form in (9). Unfortunately, in a cutoff quantum field theory the parameters 
m12, m, 2 ,..., mN2 are all unequal, and I do not know how to carry out the WKB 
calculation. For quantum field theories a new and more powerful method is 
required. 
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Diagrams Having Many Vertices 
It is conventional to define the perturbation expansion for a quantum field 
theory as a sum of Feynman diagrams and not in terms of an infinite system 
of differential equations. Of course, when a diagram expansion is used, it is 
not cIear how the dispersion relation in (7) might apply. Nevertheless, this 
might be advantageous because the dispersion relation approach may be too 
precise: It predicts the algebraic dependence on n as well as the multiplicative 
constant in (4). To determine the radius of convergence of the series in (1) 
only the exponential dependence on n is required. We will now argue that a 
statisticaz analysis of Feynman diagrams having many vertices is sufficient 
to rederive the result that A, in (3) grows roughly like rz! 3% as n -+ a3. 
The quantum mechanical model in (2) is particularly useful here because 
it is equivalent to an ev4 quantum field theory in l-dimensional space-time 
[14]. Consequently, the perturbation series for E,(E) may be reexpressed as a 
sum of Feynman diagrams. In particular, A, is the sum of all connected 
Feynman diagrams having 11 vertices of valence 4 and no external legs. Each 
such diagram has exactly 2n edges. To evaluate each diagram we use the 
Feynman rules in momentum space as follows: 
For each edge we use the propagator 1/(E2 - I + k); 
for each vertex we insert 4! = 24; 
for each loop integration we take s(i/2~) dE. 
In coordinate space, the propagator becomes * esp(- 1 xi - xj 1) for an 
edge connecting the ith and jth vertices, and we integrate over all but one 
vertex. 
For example, to compute A, in (3) we use the above rules to associate with 
each 3-vertex graph a number: 
Summing the four numbers gives 333/16, the correct value for A, . 
If we now allow n, the number of vertices, to approach co, how do we compute 
the approximate sum of all graphs and show that it grows roughly like n! 3”? 
At first, I thought that as n -+ 00 certain simple classes of graphs (such as 
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n - vertex dlogroms Growth with 
n in (+4), 
( I/4 )” 
c.2887 )” 
(. 2333)” 
(.2474? 
l.2693)” 
:  
c 
.  ( .2488 1” 
c.2444)” 
Growth with 
n in (+4)2 
IT )” 
(4.8097)” 
(1.661)” 
c2.090jn 
(3.087)” 
(4.4997)” 
(3.83051” 
(3.5537)” 
FIG. 1. Exponential behaviors of various types of vacuum graphs in (@)I and (F~)~ 
theories as the number of vertices increases. Each graph shown above grows with tl 
roughly as C”, where C is a constant depending on the graph and the dimension of space. 
Note that no graph grows as fast as n!. 
ladders, crossed ladders, or tower diagrams) would dominate the sum of all 
graphs as was the case in the Cheng-Wu calculation. However, as Fig. 1 shows 
[15], simple classes of graphs in both (q+)i and (qo4)a theories grow like C* 
as n -+ co, where C is a constant, and never grow like n! [16J. 
Since no single graph can grow faster than C*, the factorial dependence 
on n in A, must come from the totality of graphs: There are approximately 
16%! graphs as n -+ co. It is thus possible to define an “average” graph as 
n + co by dividing the desired answer 3%! by the number of graphs 16%!. 
Thus, the average graph behaves like (1sG)12. T o see if this definition is sensible 
one can evaluate all graphs in nth order, take the nth root of each result, divide 
by A > and plot the resulting distribution of numbers. This is done for orders 
n = 4, 5, 6, and 7 in Figs. 2, 3, 4, and 5 [15]. Note that the distribution of 
graphs is sharply peaked about the “average” graph. Although, some graphs 
grow faster than the average graph and some grow slower, the average graphs 
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Order 4 
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.95 1.00 1.05 
FIG. 2. Histogram of the distribution of fourth-order vacuum graphs for the (@)i 
quantum field theory. To check the hypotheses that the “average” graph has the value 
(is)“, where n is the number of vertices, I computed all (Wick-ordered) graphs in orders 4 
through 7, took the nth roots, and divided by & . As n increases, the resulting distribution 
of graphs becomes sharply peaked about the “average” value at 1 (see the histograms in 
Figs. 3, 4, and 5). 
Order 5 
6 diagrams 
FIG. 3. Distribution of fifth-order vacuum graphs in (& . See Fig. 2. 
Order a= 6 
IS diagrams 
.96 .98 1.00 1.02 1.04 1.06 1.08 1.10 1.12 1.14 
FIG. 4. Distribution of sixth-order vacuum graphs in (@)I. See Fig. 2. 
FIG. 5. Distribution of seventh-order vacuum graphs in (T*)~. See Fig. 2. 
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FIG. 6. Histogram of the fourth-order graphs in quantum electrodynamics which 
contribute to the anomalous magnetic moment of the electron. We disregard the infinite 
cutoff dependent parts of the graphs (which cancel against other graphs) and plot only 
the cutoff independent parts which contribute to the final answer. 
6th order 
g-2 diagrams 
72 diagrams 
1.0 1.5 2 2.5 3 3.5 
FIG. 7. Histogram of the sixth-order graphs in quantum electrodynamics which 
contribute to the anomalous magnetic moment of the electron. Note how sharply peaked 
the distribution is. 
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apparently dominate the perturbation expansion because there are more of 
them. 
Sharply peaked distributions of graphs also occur in other theories. In 
Figs. 6 and 7 we plot the 7 fourth-order and 72 sixth-order graphs for the 
anomalous magnetic moment of the electron in quantum electrodynamics [17]. 
Statistical Analysis of Feynman Graphs 
I will now give a statistical mechanical argument which shows how to 
characterize the average graph in the (cT~)~ model and to deduce its contribution 
to A, [18]. We organize the n vertices into N boxes, with n/N vertices per box: 
ir....ri ;2;, 
- vertices/box. 
ii 
(It is slightly simpler to equipartition the vertices, but it is not at all necessary 
P91.1 
Next, we connect the vertices to make the graphs, leaving the internal 
structure of the boxes unspecified. We do, however, specify the connections 
between boxes by means of a connectivity matrix F(i,j), 1 < i, j < N. F(i,j) 
is a symmetric matrix having positive integer entries; F(i, j) is the number of 
edges joining the ith box to the jth box. F(i, j) must satisfy the constraint 
equation, 
fIIF(iyj) = 4n/N, (10) 
which states that 4n/N lines must emerge from every box. [F(i, i) is twice 
the number of internal lines in box i.] 
Now that we have organized the diagrams into classes, with each class specified 
by the matrix F(i, j) we must determine which class contributes most to A, 
in (3). We make an ae;eraging approximation which consists of evaluating the 
contribution of each class F as the number of diagrams in that class multiplied 
by the value of any one diagram in F. All diagrams in any class have the same 
value because we disregard the internal structure of boxes. The averaging 
approximation is explicitly 
A,, = c (value of each Feynman integral) 
all Feynman maphs 
- all &?S F ( 
number of graphs in class F)(value of one graph in F). 
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A counting argument shows that there are approximately [18, 191 
diagrams in class F, and a direct application of the Feynman rules gives the 
value of one diagram in class F as [ 18, 191 
where 
(24)” 2P” fi [G(k)]-“‘N, 
k=l 
W-9 = 2 1 W, 8. 
iqk Qk 
For our averaging approximation to be most useful we do not want to choose 
N too small (then there is too much averaging over diagrams, and the structure 
of the answer is lost) or too large (then there is not enough averaging, and 
we have made no progress). The appropriate magnitude for N is given by 
1 < N Q n1/2, 
because when N lies in this range we can pass to the continuum limit. The 
continuum limit is defined by introducing the continuous variables 
x = i/N, y = j/N, z = k/N, F(G) = (4dN2)f(x, Y), 
where f(x, Y) is a symmetric function whose arguments range from 0 to 1. 
The constraint equation in (10) now reads 
and the approximation for A, reads 
where 
A, - e+finn(- l)n+l (12) 
~~FJ=~1~xln~‘~~~1~Yf(x.Y)+2J‘1~~~1~Yf(~,Y)~nf(~~Y). (13) 
0 0 z 0 0 
(Note that the parameter N has dropped out.) 
To evaluate the functional integral in (12) in the limit n -+ 00 we use Laplace’s 
method. The exponential dependence on n is given by 
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where 8’s is that matrix which minimizes W[F]. Note that this approximation 
is just the semiclassical approximation for our system of continuous Feynman 
diagrams. Once again we see that the large-order behavior of perturbation 
theory reflects only the semiclassical content of the theory. 
The remainder of the calculation requires no further approximations. We 
simply minimize ZV[F] in (13) subject to the constraint (11) by introducing 
a Lagrange multiplier h(y). After taking functional derivatives with respect to 
X and f and eliminating X, we obtain an integral equation for fs: 
fob, 4 = [fds, s)fdt, W’ exp - - [ IJ‘ i st J; dx J;:fo(x,y) - II * (14) 
[lf we replace x4 with .P in (2), then the t in (14) becomes 1/(2K) [lg].] 
The simultaneous integral Eqs. (11) and (14) have an exact closed-form 
solution: 
f&Y) = --A’(x) B’(Y), x <y, 
= -A’(y) B’(x), .2* >Y, 
where A(x) solves the algebraic equation 
PA(x) - $CA(x)3/2 = x, c = 3114, 
and 
B(x) = (C - [A(X)]‘12)2. 
The above result forfo gives 
W[F,] = -1 - ln3, 
and substituting this result into (12) gives 
A, -C--1) n+l e-nnn3n ,- (_ l)n+l3nn! (n + a), 
which agrees with the result in (4)! 
Some Final Remarks on the Calculation of F,(a) 
Before one can apply the kind of diagramatic analysis we have just described 
to the cracked-eggshell diagrams that contribute to F,(U) in massless quantum 
electrodynamics, one must account for several new features that arise. These 
diagrams may have either sign, and massive cancellations may occur, the 
diagrams require renormalization, and one must understand the role of gauge 
invariance. To prepare for these complications I have undertaken to calculate 
the next term in the series for F,(a) in (1). 
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The difficulty with such a calculation is that to date there are no general 
methods for performing the Feynman integrals that result. I have therefore 
devised a new method which should work ;f the coefficient is a rational number. 
It is based on integration @parts. To explain the idea, let us examine the integral 
that gives the second term in (1). The integral has the form 
I= d,q P.4 
I q4 (P-d2 
where p and q are 4-momenta. By a dimensional argument we can see that 
I does not depend on p. However, it does not help to set p = 0 or 00 because 
the resulting simpler integral does not converge. 
Let us consider the simpler situation of a one-dimensional integral, 
This integral also does not depend on E but it does not help to set Q = 0 or 
c = CO. However, here we can let 6 tend to 0 and use the identity 
lim 
E 
____ = nqx). 
r-0 f2 + x2 
Now the integral is trivial to evaluate: 
I E dx ---= 2 + x2 I d(x) = T. 
Let us return to the four-dimensional integral I and use a similar trick. 
We note that 
q --P*q -P-q* 
q 4q2 q4 
Hence, 
I = s 42 (p 1 q)2 0, (W). 
Now we integrate by parts and use the identity 
q q (p : q)2 = -4Q-r2 S4( P - 4, 
which makes use of the masslessness of the theory: 
I = 
I 
d,q S,( p - q) r2 ‘y = 7r2. 
607/30/3-7 
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This simple technique based on a 0 identity is not an isolated curiosity. 
The same method works for any four-dimensional integral which converges 
[20]. Moreover, the idea may be extended to evaluate the eight-dimensional 
integral which gives the third term in (1). All such integrals have the form 
I = 
s 
d4q d4r (12th degree polynomial inp, q, r) 
q4 r4 (P - 4J4(P - r14(4 - r)” . 
There are 462 free parameters in the 12th degree polynomial. However, 
symmetries of the integral reduce this number to 32 independent parameters. 
Requiring that the integral be infrared and ultraviolet convergent further 
reduces this number to 15. Fourteen of these integrals may be evaluated using 
integration by parts as above while the 15th cannot and gives the transcendental 
number t(3). Fortunately, it turns out that the integral which gives the third 
coefficient of F,(S) lies in the 14-dimensional vector space of integrals which 
can be done by parts [20]. This is why the answer is a rational number. 
Is the next coefficient in the expansion of F1(a) a rational number ? To answer 
this question we must first find the integrand (there are roughly two million 
terms) and then solve a system of roughly five thousand simultaneous linear 
algebraic equations to determine whether the integrand lies in the vector 
space of integrals which can be evaluated using integration by parts. I hope 
that this procedure can be carried out using algebraic manipulation programs! 
If it turns out that the fourth coefficient is a rational number, then it may 
well be that all coefficients are. In this case this method of integration by parts 
might provide a recursion relation, like that in (6), for the coefficients in the 
expansion of F,(a). That would indeed be nice! 
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